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Consider the control system

{ y'(t) = Ay(t) + Bu(t), t>0 (1)
y(0) =y’ e X,
where
m A: D(A) C X — X is an operator,
m y = y(t) € D(A) is the state variable,
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m B is an admissible control operator
Examples of set- valued maps and operators arising in this context
m Reachability set at time T:

R" 5 y* = R, (y)—’R(Ty)*{yTy u( ’u)EZ/I}

m Solution map for a controllability problem

X3y'=u, 6(u° = {u(-;yo) eU|y(T) :yT}

Goal: develop a data-driven method to learn this
class of set-valued functions and operators
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Strategy

Prove the existence of a suitable selection of the set-valued map

Learn such a selection, which is single-valued, by using Deep Operator
Networks (DeepONet)

Theorem (Michael)

Let F be a lower semicontinuous set-valued map with closed, convex values
from a compact metric space X to a Banach space Y. It does have a
continuous selection.

This is Th. 9.1.2 in

@ J.-P. Aubin, H. Frankowska, Set-valued analysis, Vol. 2 of Systems &
Control: Foundations & Applications, Birkhduser Boston, 1990

For controllability problems, continuity is a consequence of observability

0
Jull < lly”



A data-driven method to learn single-valued operators

For the sake of clarity, we focus on the control problem

Yie — Yoo = 0, in (0, 1) X (0,2)
Y(Xvo) :yO(X)’ on (07 1)
ye(x,0) = y'(x) on (0,1)
y(0,t) =0, on (0,2)
y(1,¢t) = u(t) on (0,2)

y(x,2) = y¢(x,2) =0, on (0,1).
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where u is the unique control of minimal L%-norm.

llull 20,2 < € (H}’OHLZ(o,n + Hy1||H—1(o,1))
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Machine Learning setup

m Dataset
Fix a set of sensor points {x1,x2, -, xm} C [0,1]. Then,
(.yoz.yl) = (yo(xl)a.yo(XQ)a e ,yo(Xm);yl(Xl)v.yl(XQ)a e 7y1(Xm)) = yinitial
Take t € [0,2]. Features are
{(i™ ), 1<e< N}
and labels (e = u(y}"'“a' &), 1<f(<N},

m Hypothesis space: the neural network DeepONet

N(O: (Y™ (x): 1)) =3 D o (Z &iy"™0g) + 0; ) co(wk -t + 1K)

0= (c,-k,gfj-, 0%, wi, 1K) is the set of parameters of the net.
m Loss function: Mean Squared Error (MSE)

MSE(6) = NZW v ) — el



DeepONet’s architecture

N(e, (yinitlal ZZC o <Z Ek mmal Xj) _,_9[}() 'O'(Wk . t"‘ﬂk)
k=1 i=1 R G
Tk
Bk
> A1
> Branch Net
> Bp

@ /\/(G;yi"itial(xj'), t)

2999

@—> Trunk Net

Tp
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Approximation scheme

X 9% vy
1€ TR
R2™ A, Re

m & (Y0 yt) =y is an encoder
m Ay B, (y™M!) is a finite dimensional approximation operator
B R Be(y™) e 3P Bi(y™ ) Ti(t) is a reconstruction operator.
Thus,
GrRoAoE.
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Theorem (Universal Approximation Theorem for Functions)

Suppose that K C RY is compact, U C C(K) is compact, and o € C*(R) is
not a polynomial. Then, for any € > O there exist a positive integer n, real
numbers 0;, wi € R", independent of f € U, and constants c; = c;(f)
depending on f, such that
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holds for all x € K and f € U. Moreover, each ci(f) is a continuous linear
functional defined on U.
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Theorem (Universal Approximation Theorem for Functions)

Suppose that K C RY is compact, U C C(K) is compact, and o € C*(R) is
not a polynomial. Then, for any € > O there exist a positive integer n, real
numbers 0;, wi € R", independent of f € U, and constants c; = c;(f)
depending on f, such that

f(x) = > cio(wi-x+6)| <e
i=1
holds for all x € K and f € U. Moreover, each ci(f) is a continuous linear
functional defined on U.

Theorem (Universal Approximation Theorem for Functionals)

... for a continuous functional f : V — R we have that

|f(y) — Zc,-o (quy(xj) +0,-> | <e, forallyeV.
i=1

j=t
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. for an operator,

3

Gt = ) e (G(y)) o(wk - t + 04),

k=1

where ¢, (G(y)) are continuous functionals.

Theorem (Universal Approximation Theorem for Operators )

Suppose that o is not a polynomial, X is a Banach space, K1 C X, K, C R?
are compact sets, V is a compact set in C(K1), and G : V — C(Kz) is a
continuous operator. Then for any € > 0, there are a positive integers n,p, m

sensor points xi, X, - -+ ,xm € Ki, and real constants c¥, 6%, §,§,nk such that
y)(t)— ZZC o <Z£Uy(xj )+ 6 ) o(wk-t+C)| <e, VyeV,tek;
k=1 i=1

@ Chen, T., Chen, H.:Universal approximation to nonlinear operators by
neural networks with arbitrary activation functions and its application to
dynamical systems. |EEE Transactions on Neural Networks 6(4),
911-917, 1995.
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DeepONet setup: Dataset

m Operator G: X —» Y
m Probability measure p € P»(X)
m Encoding operator £ : X — R"

How to sample continuous functions for the initial data (y°,y"') ?
oo
Y VG (W)ei(x) (2)
j=1

m & ~ N(0,1) i.i.d. standard Gaussian variables

m ()}, ¢;) are the eigenvalues and normalized eigenfuncions of the operator

C(@)(x) = /01 C(x,x")p(x")dx', C(x,x') =0 exp (—%)

Thus, we truncate (2) and sample the Gaussian random variables.
{;} is an ortonormal basis of L?(0,1) (Mercer’s Theorem)



DeepONet setup: Training and Test Datasets

Putting all together, the training dataset takes the form

initial initial  *

Y11 o Yi2m - Ul(tl)
initial initial  ©

Wit Yiom o ui(te)

Xtrain © Wtrain -

initial initial  *

YNn1 o YNg2m o - UN(tl)
initial initial  *

YN,1 Y o oun(te) |

L s N,2m
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m Approximation error: This is the distance between the Hypothesis space
and the operator G to be approximated, i.e., if F is a fixed space of
DeepONets, then

NE = arg v mm LN / / 1G(y)(t) — N=(y)(t)[* dtdu(y),

then approximation error is
gapprox = L(N]:)

m Generalization (or estimation) error: We approximate Nz by using a
specific (training) dataset 7, and a empirical loss. So, we get

Ny = arg v m|n CM(N 1l Z G(y)(t) = N(y) ()

Thus, Egener 1= (LN7) — LNF))2.
m Optimization error: The empirical loss is highly nonlinear, non-convex so
that we compute a local minimum Ny of £Ly. Optimization error is then

Soptim = HNM _NT||1/2~
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Definition (Curse of dimensionality)

For a given € > 0, let NV: be a DeepONet such that E,pprox < €, and
size(N:) ~ O (a_ﬁ€> for some Y. > 0.

Our DeepONet approximation, with underlying measure p, is said to incurr a
curse of dimensionality if limc09Ys = +00 and breaks the curse of
dimensionality if lim._09¥. = ¥ < +o0.

the learning of Lipschitz functions suffers from the curse of dimensionality.

@ Yarotsky, D.: Optimal approximation of continuous functions by very deep
relu networks. Conference on Learning Theory. PMLR, 639-649, 2018.

In our setting, m is the number of sensors for the enconding operator

ur— E(u) = (u(xt), -, u(xm)).
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Error analysis and the curse of dimensionality

However, for some classes of linear and nonlinear operators, the DeepONet
approximation may break the curse of dimensionality for approximation error

@ Lanthaler, S., Mishra, S., Karniadakis, G.E.:Error estimates for

DeepONets: a deep learning framework in infinite dimensions. Trans

Math. Appl. 6(1), 1-144, 2022.
Some examples are:

m holomorphic mappings [—1, l]N — V/, with V a Banach space
m some PDE operators like

parametric elliptic PDEs: G : a +— y, where y solves
-V .- (aVy)=f

parabolic nonlinear PDEs: G : y° + y(T), where y solves

{ & = Ay +f(y)
y(O)—y

B scalar conservation laws: G : y0 s y(T), where y solves t

{ Oty +0x (f(y)) =0
y(0) =y°

m bounded linear operators G : L*(D) — L*(U)



Application to our controllability setting

Theorem (DeepONet approximation of controllability systems)

Consider the control system for x € Q C RY and t > 0:

{ y' + Ay = Bu
y(0) =y°
where u is such that y(T; u) = 0.

Consider the operator G : y® — u. Then, for any fixed € > 0 and o > 0, there
exists a DeepONet N = (8, T) achieving an approximation error

gapprox = Hg - NHLQ(M) S €
and such that

size(8) < log(e™!), depth(B) $1, p~log(e )Y, m ~log(s)**.

@ Garcia-Cervera, C.J.; Kessler, M.; Pedregal, P.; Periago, F.:
Approximation of Set-Valued Maps through Neural Networks, and
Application to Control. Submitted.
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Estimates for generalization error for DeepONet

Boundedness assumption: there exists ¢ : L*(D) — [0, +o0[ such that

1G] < ¥(y), sup  No(y)(t) < %(y), Vye L}(D),vteU,

6c[—B,B]%
and there exists C, k > 0 such that

Y(y) < C(1+ HYHLZ(D))K

Observability implies |G(y)(t)| < ¥ (y)
Lipschitz continuity assumption: there exists ® : L>(D) — [0, +oo[ such that

Wa(y)(£) = Nor()(8)] < D(¥)[|0 = O'lle==, ¥y € L2(D),Vt € U,
and there exists C, k > 0 such that
O(y) < C(1+ lyllizpy)”

Theorem (Bound for generalization error (Lanthaler et al. 2022))

Let N and N7 be as before. If the above two assumptions hold, then

E[C(N7) — £L(NF)] < (1+Cd@|og(CB\F ))M% (3)

Vi

where the constant C = C(u, 1, ®) is independent of B and dy.
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Numerical experiments

Data generation. Initial conditions are computed by sampling a Gaussian
randon field with kernel

x —x'|°

C(x,x") = exp ( T) , x,x' €(0,1),

DeepONet size. We use the RelU activation function, trunk depth/width =
2/40 and branch depth/width = 2/40.

Training process. Adam optimizer with learning rate 0.01. Initialization of
the parameters is carried out with Glorot uniform.

Implementation. DeepONet: learning operators [Lu, Li, Pang, Zhang,
Karniadakis: Nat. Mach. Intell., 2021]
https://github.com/lululxvi/deepxde

Codes available at: https://github.com/fperiago/deeponet


https://github.com/lululxvi/deepxde
https://github.com/fperiago/deeponet

Numerical experiments: the wave equation

An academic example with an explicit solution

yie — Yoo = 0,

y(x,0) = y°(x),
yi(x,0) = y'(x)

)/(07 t) =0,

y(1,t) = u(t)

y(X52) = yt(X72) =0,

in (0,1) x (0,2)
on (0,1)
on (0,1)
on (0,2)
on (0,2)
on (0,1).
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An academic example with an explicit solution

Vit — Y = 0, in (0,1) x (0,2)
Y(X’O) :yO(X)’ on (Ov 1)
yi(x,0) = y'(x) on (0,1)
y(0,t) =0, on (0,2)
y(1,t) = u(t) on (0,2)

y(Xa2):yt(X72):07 on (07 1)
The operator to be approximated is

G: [*0,1) x H7Y(0,1) — L%(0,2)
°yh =G0y i=u
where
-+ [l yi(s)ds, 0<t<1
u(t) =

Lt -1+ 1[0 yi(s)ds, 1<t<2

is the unique control of minimal L2-norm.



Numerical experiments: the wave equation
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Figure: Loss history for correlation lengths of 0.25 for position and 0.125 for velocity.

Number of sensor points = 51. Sample functions: (Left) 100 and (right) 10000.

Test error ~ 1.5 x 107°
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Figure: (Left) Dependence of the generalization error on the number of sensor points
for (£o,#1) = (0.25,0.125), Nfunctions = 10*. (Right) Dependence of the generalization
error on the number of training functions for (¢o, ¢1) = (0.0625,0.03125),

Nsensors = 101.



Numerical experiments: the wave equation
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Figure: Exact versus predicted solutions. ngncrions = 10* (Left) Smooth initial data:
y? =y = sin(mx), (£pos, Lyer) = (0.25,0.125), nsensors=100. Relative error ~ 1%.
(Right) Non-smooth initial data: y9(x) = { 4x, 0<x<05

: 0, 05<x<1"

(€pos, Lver) = (0.0625,0.03125), nsensors=10. Relative error =~ 4%.
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Notation
m Hausdorff distance

du(A, B) = max {supd(a7 B), sup d(b, A)} 4
acA beB

m F(Y) family of closed sets of a metric space Y

Theorem (Universal Approximation of Set-Valued Operators)

Let K1 CR", K» C R™ be compact sets, and let V C C(K1) be a compact
family. Let
F:V cCC(Ki) = F(C(K2))

be a continuous set-valued function such that F(u) is a convex compact set for
all u € V. Then, given € > 0, there exists a set-valued neural network

G:V =3 F(C(K))

such that
du(F(u),G(u)) <e, YueV.

@ Garcia-Cervera, C.J.; Kessler, M.; Pedregal, P.; Periago, F.: Universal
Approximation of Set-Valued Maps. In preparation.
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Theorem (Universal Approximation of Set-Valued Operators)
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exists a set-valued neural network G : V. =2 F(C(Kz)) such that

du(F(u),G(u)) <e, YueV.
Idea of the proof.
1) By compactness of V and F(u),

N
V:Uan(Uj), and  sup ||v|cw,) <M, j=1,2,...,N.
=1

vEF(uj)



Set-Valued Neural Networks & Set-Valued Operators

Theorem (Universal Approximation of Set-Valued Operators)

Let K1 CR", K C R™ be compact sets, and let V C C(K1) be a compact
family. Let F : V C C(Ki1) = F (C(K2)) be a continuous set-valued function
such that F(u) is a convex compact set for all u € V. Then, given € > 0, there
exists a set-valued neural network G : V. =2 F(C(Kz)) such that

du(F(u),G(u)) <e, YwueV.

Idea of the proof.
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Theorem (Universal Approximation of Set-Valued Operators)

Let K1 CR", K C R™ be compact sets, and let V C C(K1) be a compact
family. Let F : V C C(Ki1) = F (C(K2)) be a continuous set-valued function
such that F(u) is a convex compact set for all u € V. Then, given € > 0, there
exists a set-valued neural network G : V. =2 F(C(Kz)) such that

du(F(u),G(u)) <e, YwueV.

Idea of the proof.
1) By compactness of V and F(u),

V:Uan(Uj), and  sup ||v|cw,) <M, j=1,2,...,N.

vEF(uJ)

2) For u € V, define

_ ¢i(u) [lu — ul
i(u)F(uj i(u i(u) = .
Ef (), &(u) = S 6u(0) j(u) @( m )

3) It is proved that
du(F(u), F(u)) Se, YueV.
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4) Since & : V — R are continuous nonlinear functionals in V/, there exist

mj
ko <Z ke u(xr) + 9j,k> :
1

r=1

L

k=

such that ||§ — gjllciy) S €
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5) Define the set- valued neural network
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4) Since & : V — R are continuous nonlinear functionals in V/, there exist

Lj mj
g(u)=> guo <Z ok u(xr) + 9j,k> :
k=1 r=1

such that ||§ — gjllciy) S €
5) Define the set- valued neural network

G(u) = 3" gi(F(w),

which satisfies di(F(u), G(u)) < e.
6) By the Krein-Milman theorem,

F(u;) = co(I';) = co(T;),

I is the family of extremal points of F(u;)
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4) Since & : V — R are continuous nonlinear functionals in V/, there exist

Lj mj
g(u)=> guo <Z ok u(xr) + 9j,k> :
k=1 r=1

such that ||§ — gjllciy) S €
5) Define the set- valued neural network

G(u) = 3" gi(F(w),

which satisfies di(F(u), G(u)) < e.
6) By the Krein-Milman theorem,

F(u;) = eo(rj) = @ (),
I is the family of extremal points of F(u;)

7) Since T is compact, we can find d; € N and a finite set
Aj = {Zj,e}zjzl C T such that

du (F(u;),@0(A;)) = du (c(T)),c0(A))) S e
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8) We approximate each z;, by a neural network

Kije

hje(x) = ZCI,MU (wije - x+ i), x€Ka.

i=1
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8) We approximate each z;, by a neural network

Kije

hje(x) = ZCI,MU (wije-x+0ije), x€ K

i=1

9) Finally, we define what we call a Single Input Multiple Output Net
(SIMONet) as the set-valued function

G:V = F(C(K))
by

N
=2 g ({hg)in). wev.

which approximates the original set-valued map F. O
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