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Consider the control system

{ y'(t) = Ay(t) + Bu(t), t>0 (1)
y(0) =y’ € X,
where
m A: D(A) C X — X is an operator,
m y = y(t) € D(A) is the state variable,
m u = u(t) €U is the control variable, and
m B is an admissible control operator
Examples of set- valued maps and operators arising in this context
m Reachability set at time T for a finite-dimensional control system:

R" 5 y" = R, (y)*’R(Ty)—{yTy u( ’u)EZ/I}

m Solution map for problems where non-uniqueness of controls holds, e.g.,

X3y'=u, 6(u° = {u(-;yo) eU|y(T) :yT}

Main Goal: develop a data-driven method to
learn set-valued functions and operators




What is known ?

One hidden-layer networks are Universal Approximators of single-valued maps

Theorem (Cybenko (1989), Pinkus (1999), etc.)

Suppose that K C RY is compact, U C C(K) is compact, and o € C*(R) is
not a polynomial. Then, for any € > Q there exist a positive integer n, real
numbers 0;, w; € R", independent of f € U, and constants ¢; = ¢;(f)
depending on f, such that

[f(x) — Zcia(wf ‘x+0) <e

i=1

holds for all x € K and f € U. Moreover, each ci(f) is a continuous linear
functional defined on U.

S cio(wi-x+6;)

o(wn - x +6n)
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DeepONets are Universal Approximators of single-valued operators

Theorem (Universal Approximation for Functionals)

... for a continuous functional f : V — R we have that
|f(y) — Z cio (Zguy(x,) 4 0;) | <e, forallyeV.
i=1 j=1

... for an operator, G(y)(t) ~ >_\_; & (G(y)) o(wk - t + 6k), where cc (G(y))
are continuous functionals.



What is known ?

DeepONets are Universal Approximators of single-valued operators

Theorem (Universal Approximation for Functionals)

... for a continuous functional f : V — R we have that
|f(y) — Z cio (quy(x,) 4 0;) | <e, forallyeV.
i=1 j=1

... for an operator, G(y)(t) ~ >_\_; & (G(y)) o(wk - t + 6k), where cc (G(y))
are continuous functionals.

Theorem (Universal Approximation for single-valued Operators )

Suppose that o is not a polynomial, X is a Banach space, K1 C X, K, C R?
are compact sets, V is a compact set in C(K1), and G : V — C(K>) is a
continuous operator. Then,

G- > cfo (Z &5y(%) + 95) olwk-t+G)| <e, VyeV,tek

k=1 i=1 j=1

@ Chen, T., Chen, H.: |EEE Transactions on Neural Networks 6(4),
911-917, 1995.



The dawning of operator learning

DeepONet’s architecture

P

N (y™ () cfo < &5y (5g) + 0,k> co(wi - t+ k)
;I 1 Z ’ ! —

Tk
Branch Net :
> Bp

@ N(G; yinitial(xj)y t)
o /

Bk

Trunk Net

P

@ L. Lu, P. Jin, G. Pang, Z. Zhang, G. E. Karniadakis: Nature Machine
Intelligence 3(3) 218-229, 2021.



What is new ?




What is new ?

SIMONets are Universal Approximators of set-valued maps and operators



What is new ?

SIMONets are Universal Approximators of set-valued maps and operators
Notation

m Hausdorff distance

du(A, B) = max {sup d(a, B),sup d(b, A)} .
beB

acA



What is new ?

SIMONets are Universal Approximators of set-valued maps and operators
Notation

m Hausdorff distance

du(A, B) = max {sup d(a, B),sup d(b, A)} .
acA beB

m F(Y) family of closed sets of a metric space Y



What is new ?
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Notation

m Hausdorff distance

du(A, B) = max {sup d(a, B),sup d(b, A)} .
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m F(Y) family of closed sets of a metric space Y

Theorem (Universal Approximation of Set-Valued Operators)

Let K1 C R", K2 C R™ be compact sets, and let V C C(K1) be a compact
family. Let
F:V c C(Ki) = F(C(K2))

be a continuous set-valued function such that F(u) is a convex compact set for
all u € V. Then, given € > 0, there exists a set-valued neural network

G:V = F(C(K2))
such that du(F(u),G(u)) <e, VYweV.

@ Garcia-Cervera, C.J.; Kessler, M.; Pedregal, P.; Periago, F.: Universal
Approximation of Set-Valued Maps. Submitted.



Idea of the proof

Theorem (Universal Approximation of Set-Valued Operators)
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such that F(u) is a convex compact set for all u € V. Then, given € > 0, there
exists a set-valued neural network G : V = F(C(K>2)) such that

du(F(u),G(u)) <e, Yue V.
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Theorem (Universal Approximation of Set-Valued Operators)

Let K1 CR", Kx C R™ be compact sets, and let V C C(K1) be a compact
family. Let F : V C C(Ki1) = F (C(K2)) be a continuous set-valued function
such that F(u) is a convex compact set for all u € V. Then, given € > 0, there
exists a set-valued neural network G : V = F(C(K>2)) such that

du(F(u),G(u)) <e, Yue V.

1) By compactness of V and F(u),

V= Uan(uj), and  sup ||v|ck,) <M, j=1,2,...,N.

j=1 VGF(uJ)

2) Construct a smooth partition of unity, and define

_ ¢i(u) [lu — ul
i(u)F(uj i(u i(u) = .
Ef (1), &(u) = S 6u(0) j(u) @( m )

3) Using the convexity and continuity of F, it is proved that
du(F(u),F(u)) Se, YueV.



Idea of the proof (Cont.)

4) Since & : V — R are continuous nonlinear functionals, there exist
(Chen&Chen)
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4) Since & : V — R are continuous nonlinear functionals, there exist
(Chen&Chen)

L m;
g(u) =) cuo (Z o kr U(xr) + 9j,k> :
k=1 r=1

such that || — gillcky) S €
5) Define the set- valued neural network

G(u) = 3" g(F(w),

which satisfies di(F(u), G(u)) < e.
6) By the Krein-Milman theorem,
F(uj) = eo(T;) = co(T;),
I is the family of extremal points of F(u;)

7) Since T is compact, we can find d; € N and a finite set
Aj= {Zj,e}zjzl C T such that

du (F(u;),@0(A;)) = du (c5(T;),c0(A))) S e
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8) We approximate each z ¢ by a neural network (Cybenko-Pinkus)
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Idea of the proof (Cont.)

8) We approximate each z ¢ by a neural network (Cybenko-Pinkus)

Kije

hje(x) = ZCI,MU (wije-x+0ije), x€Ka.

i=1

9) Finally, we define what we call a Single Input Multiple Output Net
(SIMONet) as the set-valued function

G:V = F(C(K))

given by
¢ d
= Zgj(u) co ({hj,ej}ej:l) , ueV.
j=1

which approximates the original set-valued map F. O
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Reachability set of a linear infinite-dimensional control system

Model and physical interpretation

afy(Xa t) = 8X><y(X7 t) + b(X)U(t), X € (07 1)7 te (07 T):
y(0,t) = y(1,t) =0, te (0, 7), (2)
y(x,0) =0, x € (0,1),

where b€ H := L2(07 1) is a spatial profile and the control satisfies
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An example of application in Control Theory

Reachability set of a linear infinite-dimensional control system

Model and physical interpretation

Ory(x, t) = Ouwy(x, t) + b(x)u(t), x€(0,1), te(0,T),

y(0,t) = y(1,t) =0, te (0, 7), (2)
y(x,0) =0, x € (0,1),
where b€ H := L2(07 1) is a spatial profile and the control satisfies
lull 20,7y < 1.
f Goal )

To develop a data-driven (one-shot) method to learn the set-valued operator

FibeH=Rr(b) = {y(T:u): [lullizom < 1} C H
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Define the linear and bounded operator
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F satisfies all hypotheses of our set-valued UAT

Expanding in the Laplacian eigenpairs e,((L)(x) = /2 sin(kmx), )\S(L) = (km)?
T oo
y(T;b) = / T pu(s)ds, eMf= Z e M fier, t>0.
0 k=1
Define the linear and bounded operator

T
Ky : L(0, T) = H, Kpu := / T u(s) ds.
0
The reachable set at time T is
Rr(b) = {Kbu: [[ull2¢0,7) < 1}

Kb is a Hilbert-Schmidt operator. As a consequence, Rr(b) is a an ellipsoid*

A subset E C H is called an ellipsoid if there exist a point a € H (the center), an orthonormal
family {f,},>1 C H, and a sequence of nonnegative real numbers {c,},>1 (the semiaxes) such

that
E:{Q+Za,,anfn: Zaigl}.
n=1 n=1
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operator
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Dataset
We sample b from the (truncated) Karhunen—Logve expansion expansion
associated to the squared-exponential covariance kernel

)2
k(x,x") = o exp (—%) , x,x' € (0,1).

That is, if {/\j(-KL), e}KL)}j21 denote the eigenpairs of the associated integral
operator

(KF)(x) = /0 (x, ) (x') dx,

mKL) Z / fj (KL) (x

Projecting onto the Laplacian basis,

then

® = Mdiag(y/ MW,V AGNEERY, Muo= ("D ey, €= (6.

This is a feature vector for learning.

) é‘"")T
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Finite-dimensional approximation of the set-valued F

Dataset
Discrete control operator in spectral coordinates: Kp, : RM — RV is
BB M=) p0 oA (T
Kp = : : At.
bng)e—A%)(T—tl) bSVL)e_/\ng)(T—tNt)
For a discretized control u = (u(t1), ..., u(ty,)) ", y7 = Kpu.

Truncated SVD and parametric ellipsoid: Ky, ~ U,(b) Z,(b) V,(b) "
Ur(b) = [¢1(b), ..., ¢ (b)] € RV,
z’(b) = dia‘g(al(b)’ M Uf(b))7
Vi(b)T = [61(b), ..., 6, (b)] € R,

Thus, we get the r-dimensional ellipsoid

@*b—zm@mm Z%gch

o(b) = (s1(b),...,0.(b)) €ER’, W(b) = (¢1(b), ..., v (b)) € RV .

These serve as the labels for the learning process.



Finite-dimensional surrogate of F

Fue RV R x (RY), b — (o(b), W(b)),

where

o(b) = (o1(b),...,0.(b)) € R", W(b) = (¢1(b),..., ¢, (b)) € RV*".
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truncated at r = 3.



Finite-dimensional surrogate of F

Fue RV R x (RY), b — (o(b), W(b)),

where

o(b) = (o1(b),...,0.(b)) € R", W(b) = (¢1(b),..., ¢, (b)) € RV*".

Configuration of the numerical experiment

Parameters: ¢ =0.3, c =1 and m = 3 for KL. N = 5 for truncation of the
Dirichlet Laplacian spectral basis, T = 0.25 and At = 0.01. The SVD is
truncated at r = 3.

A SIMONet composed of three hidden layers with 100 neurons each. ReLU is
used as activation function, initialization is carried out with Glorot normal, and
ADAM is the chosen optimizer.



Training performance

—— Training loss
10-11 Test loss
10721
1073,
0 5000 10000 15000 20000 25000 30000

Iterations

m 5 x 10* samples for training (80%)and test (20%)
m generalization gap = O(107%)



Empirical convergence

—41® —— Generalization errors

70 75 80 85 90 95 100 105 11.0
Nirain

m Generalization gap and linear regression curves in log-log scale after
training datasets of size Nyain = 10°, 5 x 10%, 10* and 5 x 10*

m Convergence order = O(N_0.%)

train



Qualitative comparison of semi-axis

x1073
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Qualitative comparison of principal directions

2.04
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Conclusions

Contributions
m Theoretical: We have established universal approximation theorems for
mappings with values in compact and convex sets
m Application: We have applied it to design one-shot, data-driven, approach
to compute reachability sets of linear control problems
Challenges

m Theoretical: Extend universal approximation theorems for mappings with
non-convex values

m Application: Design one-shot, data-driven, approaches to compute
reachability sets of non-linear control problems
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